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Explicit Unitary Schemes to Solve
Quantum Operator Equations of Motion
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To solve operator equations of motion in quantum mechanics and in a quantum
scalar field theory, we propose an explicit unitary scheme with arbitrary high
order of accuracy.
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Bender and Sharp"? proposed a finite-difference approach to solve

operator equations of motion in quantum mechanics and in (lattice-
regulated) quantum field theory. They show that, for a certain class of
systems, their difference scheme, which is based on the finite-elements
method of numerical approximation, exactly conserves the canonical
equal-time commutation relations (ETCRs). However, the Bender—Sharp
scheme is implicit and computational difficulties arise, therefore
Moncrief,® Vazquez,* and Qin and Zhang* proposed explicit schemes
which are unitary and preserve the ETCRs.

ETCRs are very important properties of the equation.

Bender et al."”) applied the method to determine the spectrum for the
underlying continuum theory. Applying an explicit scheme to the quantum
field theory ¢, — ¢, + (m3/ﬁ) sin[(ﬂ/m)ﬂ =0 on a Minkowski lattice,
Vazquez' obtained some estimates on the particle spectrum. Rogriguez
and Vazques'? used the method to estimate the spectrum for the
generalized quantum Hénon-Heiles system.

But not all the explicit schemes proposed are of high order, and only
for systems with energy H=31P>+ V(q) or H=H(p, q)+ V(q), where H,
is a solvable system, and it would be of interest to find schemes that (1) are
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explicit, even for highly nonlinear systems, (2) preserve unitary, and thus
the ETCRs, (3) are of high order, and (4) are applicable to a wide class of
systems. _

Here we propose an explicit unitary scheme, in which all proposed
explicit unitary schemes can be expressed.

Let us consider a one-dimensional quantum system

H=H(p,q)+ H,(p, q) (1)

where H, and H, are solvable systems. The Heisenberg equations of system
(1) are

dg(t) 1 1 1

7 _ih[q’H1+H2]—ih[q’H1]+ih[q’H2]

dp(t) 1 1 1 )
7:;};[1)9H1+H2]:%[p31{1]+%[p’HZ:I

We consider systems H, and H, separately. The Heisenberg equations
of system H, are

wo_1 pin_1
—dt-—ll'l [q, Hl]: dr "‘l-h [p! Hl] (3)

H, is solvable, ie., system (3) has an exact soluation

it it
9(t) = Fildo» Pos 1) =exp <E H1> 4o exp <_ i Hl)

) ) (4)
l 1
p(t) = g,(qo, Po, 1) =exp <Z H1> Do €Xp (— EH1>
The Heisenberg equations of system H, are
dgq(r) 1 dp(t) 1
- =TT H —_——
i —mle ) T m =g i) ()
System (5) has an exact soluation
it it
q(t) = f2(qo, po. 1) =exp (E H2> do €Xp (— ZH2>
(6)

it it
p(t)= g2(qo, Po, 1) =exp <Z Hz) Po €Xp <_ IZHZ)
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To solve system (1) in the interval [0, T'], we divide it into N intervals of
length 7 and define ¢* and p* as the operators ¢ and p at time 1= k«.
We construct the following explicit unitary schemes:

1. Schemes of first order of accuracy: ZM 4(r) and ZQ (7).

One scheme is
‘11=f1(qk, Pk’T), plzgl(qk’ pk’r) (7)
=g pn), PP =gl i T)

and we denote scheme (7) ZM (7). This scheme can be expressed in the
following form:

¢ =Uf (1) U (x),  p*TI=U[(2) prUL(D) (7)

where

it it
Ul(r):exp<— 71—H1>exp (— ZH2>

Thus the scheme is unitary and satisfies the ETCRs.
From the Baker-Campbell-Hausdorff (BCH) formula®

exp(~ %Hl)exp<— %H2>
it 1 it\? 1
—exp | <+ )45 () DL H

=exp [~ %(H1 + Hz)} +0(7%)

Therefore, the local error of scheme (7) with respect to time 7 is o(z?), ie.,
scheme (7) is of order 1. Another scheme of order 1 is

q. = f>(q", p~, 1), pi= 845 p, 1)

k+1 k+1 (8)
q =f1(41=P1,T)a p

=gi(q1, p1,7T)
we denote scheme (8) ZQ (7).

2. Schemes of second order of accuracy: ZM ,,4(t) and ZQ, 4(7).

If we have two schemes A(t) and B(r) for system (1), we can com-
pound a scheme B(t,) A(1;) of A(r) and B(z), ie., first we implement
scheme A(t) with initial ¢*, p*, and step t,, and get results ¢;, p,. Then
we implement scheme B(t) with initial ¢, p,, and step 7, and get the final
result g© !, pF+i.
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We use the composition of ZM4(7) and ZQ,,{(7) to construct a
scheme of second order. The scheme is ZM, (t)=2ZQ 4(c7)
ZM 4(c57), where ¢, =c,=1/2, i€,

q:= f1(¢", b, 7/2), pi=g(d" p~, 1/2)
9> = f2(q1, p1, 7/2), P2= 8241, p1>7/2) 9)
93 = f2(q2, P2, 7/2), P3= 82092, P2, 7/2)
q“*' = filgs, p3, 7/2), P = g1lgs, pss T/2)
or
a:=f1(g", P, 1/2), pi=2gd", " 1/2)
9= /241, 1, ), p2=g2(q1; p1,7) (10)
@ =12 P2, 7/2), P =810, pas T2)
This scheme can be expressed in the following form:
¢ =UF (1) ¢ Us(r),  p**'=Uy (1) pUs(x) (107)

where
it it iT
Uz(r):exp<— _2ZH1> exp(— —h—H2> exp(— EH1>
By BCH formula, one can easily obtain that
Us(e) =exp | = 5 (Hy+ 1) |+0(2)

i.e., scheme (10} is a scheme of order 2. Moreover, U,{—1) U,{t) = I, which
means that scheme (10) is time-reversible.

Using the composition of ZQ (1) and ZM (1), we construct another
scheme of second order. The scheme is ZQ,,((t) = ZM (c1T) Z0 4(c(57),
where ¢;; =¢,=1/2, ie,

‘]1=f2(qk, pk9 T/z)a p2:g2(qk’ pka 1:/2)
q2=f1(q1> P15 T)s 2= 2141, p1,7) (11)
q“* ' = f2(q2, P2, 7/2), P = g2(qs, 2, 7/2)

3. Schemes of fourth order bf accuracy: ZM (1) and ZQ 4, (1).
Using the composition of ZM,, (1) with step ¢, 7, 2,7, €5 T, respec-
tively, we construct a scheme of 4th order of accuracy

ZM (1) = ZM 3,4(c217) ZM504(c27) ZM p4(cyy T) (12)
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From the BCH formula, expecting scheme (12) to be of 4th order of
accuracy, we take ¢, = 1/(2—2'7), ¢, = —23(2-2'3).

Using the composition of ZQ,,4(7) with steps ¢;;1, €51, €51, respec-
tively, we construct another scheme of 4th order

ZQ4n(t) = ZQsna(€217) ZQ204(€2:T) ZQ204(€21 7) (13)
4. Schemes of sixth order of accuracy: ZMg, (1) and ZQg(7):

ZM i (t) = ZM 4 (c3,7) ZM 4in(¢327) ZM 4 (3, 7) (14)

ZQeun(1) = ZQuin(317) ZQuain(c327) ZQ (31 7) (15)

where ¢3, = 1/(2—=2'°), ¢35, = —2"/(2=2'7).

5. Schemes of 2nth order of accuracy: ZM,,u(t) and ZQ»,w(1).
More generally, if a scheme of order 2(n — 1) is already known, we can
obtain a scheme of order 2x by the composition.

ZM,m(T) = ZMZ(nf 1)th(‘3n1f) ZM 5, _ 1):11(an7) ZM,, - 1)zh(Cn1f) (16)
ZQonm(t)= ZQn— 1ynl(€n17) ZQs0— 1)th(anT) ZM i, 1yn(Cyi ) (17)

where ¢, =1/(2—2Y®"" Dy and ¢,, = 2"~ 1/(2 212" =1) We thank
H. Yoshida® for calculating these coefficients for a special type of classical
Hamiltonian system. Qin and Zhu''® show that these coefficients are valid
for general classical Hamiltonian systems and some general schemes; we
can show that these coefficients are also valid for our proposed schemes
and Hamiltonian systems. The proofs will be given in another paper, and
are pure mathematical calculations of commutators.

Remarks. (1) If H=H,+ H,+ --- + H,, the Heisenberg equation
of motion for the system H; has an exact solution

it it
¢(6) = £i(dos o, 1) = exp (; Hl-) " eXp(~ ZH,)

(18)

it it
p(t)= g:(qo, po, 1) =e€xp (Z Hz) Po €Xp <~ 7 H,->

Let [sy, $4,..., 5,] be an arbitrary permutation of [1, 2,..., n]; we construct
ZM ., and ZQ,,,, respectively, in the following forms:

‘ZMISI(T):
%Zf:l(qks pks T)a plzgsl(qk9 pkaf)
q2:f32(q1:plyr)s p2=gsz(ql’plaf) (19)

qk+1 =j;",,(qn—1’ pn—ls T)> pk+I:g3n(qn71a przfl’ T)
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ZQIst(T):
q,=1,(¢" p*, 1), pi=g4d" Pk 1)
‘hzfs,,,l(q“ plat)a p2=g3‘n,[(qla p[ar) (20)
qk+1: sl(qnfl’pnflaf)a pk+1=g31(qn—1a pn717r)

These schemes are explicit and unitary. Following the above approach,
we can construct high-order schemes for H=H,+ H,+ --- + H, by the
compositions of ZQ,(t) and ZM (7).

(2) Applying these schemes to a nonlinear quantum scalar field
theory in two-dimensional Minkowski space

o,=1, -, —f(P)=0 (21)

we can obtain a series of explicit unitary schemes for (21); for example, we
break up the Hamiltonian

H:fdx(1/2¢i+ 12012 + V(®))

into H,={dx(1/202+ V(®)) and H,={dx II*/2. The ZM,, and ZQ
are constructed, respectively, in the following forms:

ZMlsl(T):
<15" (4
H}91=H;’+1:|: e 2h 21y fa )]
PO = "
@n—:l _ @j()l HOI (22)
=Py
;! = 11"
ie.,
o7 | — 207+ P
H;’“:Hf—i-r[ i+l E =Lyt f(P] )]
(23)
O+ =l
ZQ 1)
¢;‘+1=c15]'?+717’7
¢n+1 2@11+1+(pn+1 (24)
H;+1=H;+z[ e . 1+f(¢5"+1)}
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where dt=r1 and dx=h; &} and II} are the field operators at the point
(t=n1, x=jh). Schemes (23) and (24) were proposed by Vazquez. The
scheme of order 4 constructed by the composition of (23) and (24) is the
scheme that appeared in ref. 14,
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